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1. Introduction

The issues related to the reliability of power systems are currently 
in the centre of interest all over the world. Unconstrained and continu-
ous access to electricity is generally taken for granted, and people are 
becoming increasingly dependent on it. What a consumer expects is 
both the correct operation of electrical appliances, i.e. high-quality 
energy [14]) and uninterrupted access, i.e. reliable supply of energy 
[14]. Consumers expectations can be unfulfilled due to the technical 
condition of the distribution network, which motivates research on 
methods of assessing the reliability of energy supply systems.

It is possible to analyse the power system reliability in many 
respects. A great number of empirical and theoretical studies have 
been devoted to this topic, beginning with the works of Roy Billinton 
and  Ronald N. Allan, who jointly [2] and together with a team of 
co-researchers published extensively on the topic. Polish researchers 
have also published a number of works, of which those by Józef Paska 
[13, 14] or Andrzej Chojnacki [5] are the most widely known. 

Reliability analysis can be applied to the production, transmis-
sion or distribution of electric energy. The reliability of the distribu-
tion system concerns the three voltage levels, i.e. high, medium and 
low voltage, with separate reliability parameters determined for each 
of them, as well as the system of connections and functional depend-
ences between the three levels [1-10, 13, 14, 16]. Real power network 
systems are often quite extensive, and their reliability is typically as-
sessed by means of commonly applied indices such as SAIDI, SAIFI 
or MAIFI [1, 2, 9, 10]. The indices are calculated on the basis of 
events registered in a network operated by a distribution company. 
Besides, distribution companies use information on the reliability of 
particular groups of power devices. It has to be noted that it is difficult 
to collect extensive reliability data for the sake of research. The data 
collected by distribution companies are treated as confidential and are 
not available to the public, they only get published in a fragmentary 

or generalized form [19]. An exception to this rule and an example of 
good practice is the report [1], presenting analyses of the reliability of 
European power systems. The publication of such reports increases 
availability of information and enhances transparency of reliability 
and energy quality policies applied in each of the countries included 
in the report. 

Besides, a correct assessment of reliability is crucial for a distri-
bution company to develop a strategy of exploitation and investment 
in the network so that the reliability targets imposed by the Energy 
Regulatory Office (ERO) can be met. It is very important for com-
panies, which are obliged to report their reliability indices to ERO 
and if real reliability indices turn out not to meet the yearly targets, a 
company can be fined.  

It has to be noted too, that the reliability data are collected from 
power networks of different operation characteristics, covering differ-
ent areas and serving different numbers of customers. It is therefore 
necessary to take into consideration the weight of particular data in 
the analysis. Besides, it should also be emphasized that the classical 
statistical methods typically employed in the analysis of reliability 
data, such as Weibull, exponential or log-normal distributions, may 
be inadequate.  These methods, referred to as parametric, rely on ar-
bitrarily adopted typical distribution of random variables, on the ba-
sis of which parameters of the assumed distribution are subsequently 
obtained [5]. The reason why they are insufficient for analysing reli-
ability problems is that the number of possible distributions is limited 
[12]. Non-parametric methods are free from this limitation, since no 
function is assumed a priori [11, 12]. 

It can be observed on the basis of statistical analysis of failures in 
power networks that the majority of breakdown occur in MV and LV 
lines [7-10]. The most frequent causes of failures are of random nature 
and include atmospheric overvoltage, SEMP, sudden changes in am-
bient temperature, wind, hard rime, effects of air pollution or human 
factors [5]. The data on failures in power networks should be reported 
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in statistical sheets G-10.5, filled in by distribution companies. The 
sheet includes the values of indices characterizing the failures of ele-
ments in the MV and LV power networks. 

This paper offers an analysis of data obtained from the sheets 
G-10.5 submitted by 19 distribution companies in the years  
2012 – 2014. The distributions of the density functions of the reli-
ability indices were calculated by means of nonparametric methods, 
which represent the variation of the phenomena under investigation in 
a credible way [11, 12]. Kernel estimators presented in further parts 
of the paper are precise in mathematical terms and are universally ap-
plicable. Combined with computational capacity of computers, kernel 
estimators can be successfully used in analyses of highly complex 
problems.

The main objective of the paper is to present an estimation of the 
function of the random variable distribution density on the basis of a 
sample. All the statistical computations have been carried out in the 
programming environment of the language R [15]. For each analysis 
of reliability data a program has been developed for calculating reli-
ability of a group of devices under scrutiny and graphs supporting the 
process of statistical inferencing have been plotted.

2. Numerical data analysis

One of the fundamental problems that has to be solved in analyses 
of complex technological processes is obtaining functions character-
izing an object under scrutiny on the basis of experimental data avail-
able. The reliability analysis of individual devices and of the whole 
power system requires determining adequate statistical measures on 
the basis of historical data. The typical cases of this problem include 
obtaining the mean value, the standard deviation, the regression func-
tion, or the estimation of the probability density function (pdf) for a 
random variable. When estimating the pdf, the type of the random 
variable distribution is usually arbitrarily assumed and its parameters 
are subsequently determined.  Because of that, these methods are re-
ferred to as parametric.

2.1.1  Kernel estimators

As far as non-parametric estimation methods are concerned, the 
one based on kernel estimators is among the most widely applied. 
Non-parametric methods were put forward at the turn of the 1950s 
and 60s and their basic idea is derived from the pdf estimation prob-
lem, as discussed in a number of publications, e.g. [11, 12, 21-23]. 

A typical problem to which kernel estimators can be applied is 
obtaining the density function of the probabilistic distribution of the 
random variable on the basis of a sample (i.e. Kernel Density Estima-
tion – KDE). To implement kernel estimators for analysing random 
variables, it is necessary to have access to a computer with software 
for statistical analyses, such as the program R.

Definition of a classical kernel estimator - KDE.

Let X  be an n -dimensional random variable, with the distribu-

tion density f . Its kernel estimator ) :  0,ˆ nf → ∞  is determined 

on the basis of an m  element random sample 1 2   , , , ,mx x x…  obtained 
from the variable X . The basic form of the kernel is defined by the 
formula:
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tive coefficient h  is known as bandwidth [11, 20-23].
From the statistical point of view, the form of the kernel is not 

significant. It is possible to choose the kernel form on an arbitrary 
basis. Due to the fact that many natural phenomena, including those 
affecting reliability data, are subject to normal distribution, it appears 
justified to apply the normal kernel as defined by the function:
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The normal kernel has a disadvantage though, namely the unlim-
ited carrier of the random variable ( ), .x∈ −∞ ∞  since the estimated 
values of the reliability parameters can be only positive, the form of 
the kernel estimator has to be modified in such a way that the random 
variable X  can take only non-negative values. This can be done by 
stipulating a constraint on the kernel carrier, the role of which is to 
mirror the part of kernel located beyond the permitted interval, i.e. 
in the case of reliability random variables,  it is those below zero [11, 
21, 23]. 

Another modification of the classical KDE involves introducing 
weights. In this way, a weighted kernel density estimator (KDEw) is 
obtained.

Definition of a weighted kernel density estimator KDEw.

Let X  be an n -dimensional random variable, with the distribu-
tion density f . Its kernel estimator ) :  0,ˆ nf → ∞  is obtained on 

the basis of an m -element random sample 1 2   , , , ,mx x x…  to which 
non-negative values 1 2   , , , mw w w…  are attributed. The values satisfy 

the condition 
1
 1 
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i
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=
=∑  and are further referred to as weights of the 

particular elements of the variable X , as defined by the formula:
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where the function ) :  0,nK → ∞  is the kernel. It is measurable, 
symmetrical with respect to zero, has a weak global maximum at this 
point and satisfies the condition ( ) 1

n
K x dx =∫



. The positive coeffi-

cient h  is the bandwidth, as described in [11, 23]. 

In the special case when all the weights 1 2   , , , mw w w…  are equal 
and their sum is 1, the form of the estimator KDEw specified in (3) 
becomes equivalent to that in (1), i.e. the KDE. 

In this paper I shall argue that the use of KDEw provides a more 
adequate model for the analysis of the reliability of a power system 
than KDE. The results of such an analysis should be however ap-
proached with caution if the weights take extremely disparate val-
ues. In such a case, before accepting the outcome of the statistical 
calculations, it is necessary to verify them on the basis of theoretical 
and practical familiarity with the phenomena under scrutiny to avoid 
drawing erroneous conclusions. 

The quality of kernel estimators is crucially affected by the band-
width h , which ensures the smoothness of the density function. If 
the parameter value is too small, there are too many local extremes 
of the estimator ( )ˆ ,f x  if its value is too high, the function ( )ˆ  f x   
is excessively smoothed and ceases to represent the real properties 
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of the random variable. A number of useful algorithms are offered in 
the literature for calculating the value of the parameter ,h  optimized 
on the basis of a Mean Squared Error criterion. Methods for optimiz-
ing the estimation of the parameter h  are also implemented in the 
popular statistical analysis software, such as SAS, R, MATLAB or 
STATYSTYKA.

In the R program environment [15], there are a number of func-
tions available for calculating a pdf of a random variable by means 
of kernel estimators. In this study, the function ‘density’ was used, 
which comes in a number of calculation options. One of them in-
cludes the parameter ‘weights’, defining the weights for the par-
ticular values of a random variable. The method of obtaining the 
parameter  h  selected by means of the parameter ‘bw’. The method 
employed here for obtaining the value of the bandwidth h  has the 
Sheather & Jones method. It is worth mentioning that the function 
‘density’ and the software R were exploited in my previous studies 
too [7-10].

When the data are multidimensional, two natural generalization of 
the above-mentioned formulas are employed: a radial kernel [11, 23]:

 K x C K x xT( ) = ( )  (4)

and product kernel:

  K x K x x x K x K x K xn n( ) = …[ ]( ) = ( ) ⋅ ( ) ⋅…⋅ ( )1 2
2

1 2, , ,     (5)

where K  is a one-dimensional kernel, and C  is a positive constant of 
such a value that the condition ( ) 1

n
K x dx =∫



s satisfied. Radial ker-

nel is more effective than product kernel, but from the perspective of 
applications, the difference is insignificant, as pointed out in publica-
tions [11, 23].

3. Analysis of exploitation failures in MV networks

The failure analysis of MV networks presented in this study was 
carried out on the basis of data obtained from 19 Polish distribution 
companies, covering 57 % of the area of Poland, supplying about 
65 % of total energy consumption to over 10.5 million consumers (as 
of the end of 2015). The total length of the power lines used for energy 
transmission is over 465 thousand km. It can be assumed that this is 
a statistically significant sample for carrying out reliability analysis 
concerning Polish power networks. 

Each Polish distribution company is obliged to submit a statisti-
cal report on the condition of electrical devices, known as G-10.5. 
This report includes the company’s confidential data on the network 
condition and the functioning of particular power devices in the pre-
ceding calendar year. The report is submitted to Agencja Rynku En-
ergii Spółka Akcyjna (ARE S.A.) for the sake of conducting statistical 
analysis and systematic research on power industry. ARE S.A. proc-
esses the data jointly but the results are confidential and are therefore 
not made available to the public. In a comprehensive report called 

“Statystyka Energetyki Polskiej” [19], only mean values of indices 
obtained for the whole Polish power industry are published. It is not 
possible to obtain data on the power system reliability for particular 
distribution companies. 

In the G10.5 report, the failure rate in MV power networks is de-
scribed in terms of: 

the number of failures in MV overhead and cable lines and in • 
MV/LV transformers; 
a failure index per 100 km of overhead and cable lines, respec-• 
tively, and per 100 MV/LV transformers; 
average interruption time expressed in hours in electricity sup-• 
ply caused by failures in MV cable and overhead lines and in 
MV/LV transformers.

The total number of failures registered in the MV network de-
vices in the period 2012 – 2014 was 53 089. A summary of failures 
occurring in various types of devices in MV networks is presented in 
Table 1. 

In 2014 the distribution companies taken into account in the 
present analysis jointly served 128 655 km of overhead MV lines, 39 
165 km of MV cable lines and 146 627 MV/LV transformers.

Table 2 presents the length of MV cable lines SN _( )SN LKl , the 
length of MV overhead lines ( _ ) SN LNl  and the number of MV/LV 
transformers ( )Trl ) (each distribution company, together with weights 
attributed to them (waga)The value of the variable   waga obtained 
from the following formula:

 19
1

  i
i

ii

xwaga
x=

=
∑

 (6)

where ix  is the value corresponding to the length of lines or the 
number of transformers in a company divided by the sum obtained for 
all the 19 companies. 

The calculated values of the variable waga  are used for deter-
mining KDEw, discussed below.

Below a statistical analysis will be carried out of the data with 
respect to failure indices ( ) w  and with respect to mean interruption 
duration due to failure ( )t  for three groups of devices: MV cable 
lines, MV overhead lines and MV/LV transformers.

In each of the groups the data set included 57 observations (i.e. 3 
values from the period 2012 – 2014 in the 19 distribution companies). 

The results obtained are presented at three types of graphs: a his-
togram, a boxplot and a pdf. The pdf is obtained by means of kernel 
estimators with a normal kernel, the carrier being constrained to posi-
tive values. The bandwidth coefficient h  as obtained by means of the 
most widely accepted method developed by Sheather & Jones [17].

The calculations of the pdf by means of kernel estimators were 
carried out in two variants – the classic KDE variant without weights 
and the KDEw variant in which the significance of data is weighed. 
In non-weighed KDE each datum has the same significance in the 
analysis, whereas in the weighed variant the data with greater weights 
have greater significance in the calculations. The variables that are 

Table 1. Number of failures registered in the MV network that occurred in overhead lines, cable lines and MV/LV transformers in the period 2012 – 2014

Number of failures in the MV network in the years 2012 - 2014  [%]

Total number of failures in:

MV overhead lines 38 869 73.21

MV cable lines 11 865 22.35

MV/LV transformers 2 355 4.44

Total 53 089 100.00
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Table 2. Length of MV cable lines SN ( _SN LKl ), length of MV overhead lines ( _SN LNl ), number of MV/LV transformers ( Trl ) in each distribution company 
marked by a code A-T and weights attributed to the data

Company code
MV overhead lines MV cable lines MV/LV transformers

_SN LKl  [km]
LKSNwaga [m] _SN LNwaga

Trl [Units] wagaTr

A 2 302 0.0588 16487 0.1281 14606 0.0996

B 2 926 0.0747 9687 0.0753 9810 0.0669

C 2 367 0.0604 1509 0.0117 3631 0.0248

D 1 700 0.0434 12715 0.0988 11744 0.0801

E 2 457 0.0627 11426 0.0888 11366 0.0775

F 2 305 0.0589 13080 0.1017 13038 0.0889

G 2 437 0.0622 14952 0.1162 17870 0.1219

H 1 074 0.0274 11416 0.0887 8916 0.0608

I 2 368 0.0605 1873 0.0146 3640 0.0248

J 1 384 0.0353 3233 0.0251 4630 0.0316

K 1 291 0.0330 3926 0.0305 4017 0.0274

L 5 036 0.1286 3011 0.0234 9350 0.0638

M 717 0.0184 2823 0.0219 2759 0.0188

N 3 341 0.0853 3441 0.0267 9938 0.0678

O 914 0.0233 2933 0.0228 2785 0.0190

P 1 815 0.0463 5080 0.0395 5189 0.0354

R 731 0.0187 3979 0.0309 4050 0.0276

S 901 0.0230 2982 0.0232 3190 0.0218

T 3 099 0.0791 4102 0.0319 6098 0.0416

Total 39 165 1.0000 128 655 1.0000 146 627 1.0000

minimum 1 Qu median mean 3 Qu maximum

_SN LKw  [failures/100 km/a] 4.08 7.38 8.74 10.16 12.30 21.20

_SN LKt  [h] 0.79 1.57 2.01 2.26 2.47 5.07

Fig. 1. Histogram, boxplot and a pdf obtained by means of KDE (continuous line) and KDEw with the weight _   SN LKwaga  (interrupted line) for the failure index 
_SN LKw  and for the interruption duration _SN LKt  in MV cable lines 
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used as weights in further calculations are the length of MV over-
head lines, the length of MV cable lines and the number of MV/LV 
transformers. In the cases under scrutiny, the weights were of similar 
values, i.e. the greatest differences can be of one order of magnitude. 
This indicates that the weighed features in the power networks are in 
fact comparable. 

The three types of graphs represent the same information in differ-
ent ways. The most popular form is a histogram representing the data 
distribution in a basic visual way. The boxplot represents a graphic 
interpretation of the distribution of the statistical features of a vari-
able. It provides information on the median, the 1st quartile (1 Qu) 

1Q  the 3rd quartile (3 Qu) 3Q , IQR (interquartiles) as well as out-
liers, exceeding 1,5 IQR, marked by circles. The KDE graphs are plot-
ted by means of a continuous line and the KDEw graphs by means of 
an interrupted line, rep-
resenting modal values 
directly visible at the 
pdf curve, skewness, 
outliers and multimo-
dality, if it occurs.

Besides, the plots 
offer additional graphi-
cal information on the 
value and weight of 
the particular data id . 
Along the base of the 
scale on the y-axis there 
are markers “|”, located 
at places corresponding 
to the values of the data 

id  . The height of these 
markers corresponds to 
the weight of data: the 
higher the marker “|”, 
the greater the weight 
of a datum and the 
greater its contribution 
to the KDEw.

The descriptions 
attached to some fig-
ures include tables with 

selected statistical measures of the distributions, concerning the mini-
mal and maximal values, 1Q , 3Q , the median and the mean value of 
the variables. 

Figures 1 and 2 present the failure analysis of MV cable lines. 
The left-hand side graph in Fig. 1 depicts the pdf vs. failure in-

dex _SN LKw  plot (bandwidth h = 1.578), whereas the right-hand 
side graph represents the pdf vs. the interruption time _SN LKt   
( h = 0.2652) in MV cable lines.

Additionally, a two-dimensional estimation of the pdf was car-
ried out for the two variables under analysis, i.e. the failure index and 
the interruption duration in MV cable lines, using the function kde2d 
from the library MASS of the program R. The calculations were per-
formed with the use of a normal kernel, constraining the carrier to 

the positive values, and obtaining the h  by means of the Sheather & 
Jones method. The two-dimensional graph does not take weights into 
account (the KDE method). Using weights would not have a signifi-
cant impact on the distribution, except their values at selected points. 
The two-dimensional pdf representing the failure rate and duration in 
MV cable lines is presented in Fig. 2. 

In the cable networks of the distribution companies under study 
there were typically about 7 failures per 100 km of cable lines, lasting 
on average about 1.7 hours per year. Some of the distribution compa-
nies however had a higher failure rate in cable lines than others. These 
companies can be easily identified on the basis of the analysis, for 
example for the sake of conducting benchmarking research or plan-
ning investment. 

Figures 3 and 4 present the failure analyses of the MV over-
head lines. The failure index _SN LNw  as obtained at the bandwidth 
h = 1.115, and its value for the interruption duration _  SN LNt  
MV overhead lines was 0.2402. The pdf plots for the failure index 

_SN LNw  calculated by means of KDE and KDEw differ only slightly 
and it can be stated that in the companies exploiting MV overhead 
lines of greater total length the values of _SN LNw  were lower.

Fig. 4 presents a two-dimensional pdf representing the failure rate 
and duration in MV overhead lines. 

Fig. 2. Two-dimensional pdf obtained by means of KDE for the failure index 

_SN LKw  and the failure duration _SN LKt  in MV cable lines

Fig. 3. Histogram, boxplot and a pdf obtained by means of KDE (continuous line) and KDEw with the weight _  SN LNwaga  inter-
rupted line) for the failure index _SN LNw  and for the interruption duration _SN LNt in MV overhead lines

minimum 1 Qu median mean 3 Qu maximum

SN _ LNw  [failures/100 km/a] 4.14 7.59 9.50 11.02 13.61 29.89

SN _ LNt [h] 1.62 2.90 3.41 3.51 3.79 6.83
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Fig. 4. Two-dimensional pdf obtained by means of KDE for the failure index 

_SN LNw  and the failure duration _SN LNt
 
in MV overhead lines 

Failure rates in MV overhead lines differs significantly among 
the companies under study. The modal value is about 8 failures per 
100 km of lines with the duration of about 3.5 hours per year. A few 
companies however diverged from the others with respect to the fail-
ure rate, with company T experiencing almost 30 failures per 100 km 
lines in 2012, and with companies P and K in 2012, and company H in 
2013–2014 having the interruption duration over 6 h. 

Transformers are commonly believed to be highly reliable ele-
ments of the power system. Figures 5 and 6 present exploitation reli-
ability analysis for MV/LV transformers. 

The left-hand side graph in Fig. 5 represents the failure index 
for MV/LV transformers (bandwidth h = 0.0924), whereas the right-
hand side graph depicts interruption duration h = 0.8714). Despite 
high differences in the number of transformers among the distribu-
tion companies (minimal/maximal share – 1.8%/12.2%) the KDE 
and KDEw plots are similar. This indicates that the failure rates of  
MV/LV transformers in particular distribution companies are similar. 
Only one significant value visible in the plot is an outlier in the distri-
bution of interruption duration (company P in 2013). 

The two-dimensional pdf for the MV/LV transformer failure rate 
presented in Fig. 6 confirms that the population under scrutiny is 
largely homogeneous. 

The plots depict-
ing the failure rate of  
MV/LV transformers 
(Figures 5 and 6) in-
dicate that the medi-
an of the distribution 
examined is 5.65 h 
and the modal value 
is about 5 h per year. 
The modal value of 
the failure index is 
about 4 failures per 
1000 MV/LV trans-
formers. 

Fig. 5. Histogram, boxplot and a pdf obtained by means of KDE (continuous line) and KDEw with the weight _   SN LKwaga  (interrupted line) 
for the failure index    /Tr SN nNw  and for the interruption duration   /Tr SN nNt  in MV/LV transformers

minimum 1 Qu median mean 3 Qu maximum

 /TrSN nNw  [failures/100 units/a] 0.13 0.35 0.47 0.54 0.69 1.19

 / Tr SN nNt  [h] 1.49 4.21 5.65 5.77 6.89 13.62

Fig. 6. Two-dimensional pdf obtained by means of KDE for the failure in-
dex   /Tr SN nNw  and for the interruption duration   /Tr SN nNt  in MV/LV 
transformers
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4.  Conclusions

Thorough analysis of the power network failure rate on the basis 
of exploitation data collected over several years is a key issue for the 
evaluation of the network conditions. Results of such analyses are 
important for distribution companies, which can locate weak points 
in networks, optimize inspection timetables for particular devices and 
work towards increasing reliability. 

The statistical analyses carried out in the study confirm that non-
parametric methods are suitable for network reliability evaluation, 
especially that in practice the number of data is small. The results of 
non-parametric analysis, including those based on kernel estimators, 
are both credible and lucid. 

Utilizing a few different types of graphic representations of the 
power network reliability data obtained by non-parametric methods 

is a novelty aimed at a simultaneous visualization of a number of sta-
tistical measures of a variable distribution under analysis. The graphs 
shown in this paper can be further extended to include other elements, 
such as distributions obtained by means of parametric methods. 

The analysis of failures in MV networks indicates high dispersion 
in the values of failure indices and interruption durations among the 
distribution companies included in the study. The modal value for the 
MV overhead lines was about 8 failures per 100 km of lines with the 
failure duration of about 3.5 hours per year. In the case of cable lines 
the modal value was 7 failures per 100 km of lines with an average 
failure duration of about 1.7 hours per year. The MV/LV transformers 
prove to be more reliable, since the modal value of the failure index 
distribution is 0.4 failures per year per 100 MV/LV transformers, with 
an average failure duration of 5 h.
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